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Abstract 

Using a result of Salberger [9] we show that the number of non-trivial 
positive integer solutions xq,...,xs ^ B to the simultaneous equations 

X + X 1 + X 2 = X 3 + X 4 + X 5 , X + X 1 + X 2 = X 3 + X 4 + X 5 , 

is o(B 3 ) whenever d > max{2, c}. 
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1 Introduction 

The purpose of this short note is to apply recent work of Salberger to an old 
problem in analytic number theory. More precisely we shall see how Salberger's 
new results [9] concerning the distribution of rational points on projective alge- 
braic varieties can be used to study the number of positive integer solutions to 
the simultaneous equations 

Xq ~\~ X-y -\- X2 — X3 ~\~ £4. ~\~ X§, Xq ~\~ Xy ~\~ %2 = ^3 ^4 ^55 

in a region max 2^ ^ B, for fixed positive integers c < d. There are clearly 
6B a + 0(B 2 ) trivial solutions in which £3, X4, x§ are a permutation of xq, xx, X2- 
We write J\T Ci d(B) for the number of non-trivial solutions, and our primary goal 
is to estimate this quantity. 

When c = 1 and d = 2 it is rather easy to show that 

M,2(B) = CB 3 lo gj B(l + o(l)), 

for an appropriate constant C > 0, so that the non-trivial solutions dominate 
the trivial ones. In all other cases we would like to know that the trivial solutions 
dominate the non-trivial ones. This has only been established when c = 1, or 
when c = 2 and d — 3 or 4. Specifically, it has been shown by Greaves [4] that 

MlA B ) ^d,e B^ +e , (1.2) 

and by Skinner and Wooley [10] that 

« d , e Bi+^+\ (1.3) 
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This latter result reproduces Greaves' result for d = 7, and improves upon it for 
d > 8. Moreover, work of Wooley [12] shows that 

A/" 2 , 3 (i?)«ei? l+£ , (1-4) 

and Tsui and Wooley [11] have shown that 

We are now ready to record the contribution that we have been able to make 
to this subject. 

Theorem. Let e > 0, and suppose that c, d are positive integers such that c < d 
and d > 4. Then we have 

N c ,d{B) « c , dl£ + B i+^. 

The implied constant in this estimate is allowed to depend at most upon c, d 
and the choice of e. When c = 1, it is easy to see that our result improves upon 
(1.2) for d ^ 6, and upon (1.3) for d ^ 11. Moreover, it retrieves (1.2) for d = 5. 
When c < d are arbitrary positive integers such that d > 4, it follows from the 
theorem that 

N- c . d (B)=o(B 3 ). 

An application of Greaves' bound (1.2) shows that the same is true when c = 1 
and d = 3. Similarly, the bound (1.4) of Wooley handles the case c = 2 and 
d — 3. This therefore confirms the paucity of non-trivial solutions to the pair 
of equations (1.1) for all positive integers c, d such that d > max{2, c}. 

A crucial aspect of our work involves working in projective space. It is clearly 
natural to talk about rational points on varieties, rather than integral solutions 
to systems of equations. Whereas a single integer solution to (1.1) can be used to 
generate infinitely many others by scalar multiplication, all of these will actually 
correspond to the same projective rational point on the variety defined by (1.1). 
The transition between estimating N c ,d{B) and counting non-trivial projective 
rational points of bounded height will be made precise in the following section. 

For distinct positive integers c,d the pair of equations (1.1) defines a pro- 
jective algebraic variety X c ,d C P 5 of dimension 3. The trivial solutions then 
correspond to rational points lying on certain planes contained in X c ,d- Our 
proof of the theorem makes crucial use of a rather general result due to Sal- 
berger [9] , that provides a good upper bound for the number of rational points 
of bounded height that lie on the Zariski open subset formed by deleting all 
of the planes from an arbitrary threefold in P 5 . In order to apply this result 
effectively we shall need to study the intrinsic geometry of X c ^- This will be 
carried out separately in the final section of this paper. 

Our primary goal in this paper was merely to obtain exponents strictly less 
than 3. However, in private communications with the authors, Salberger has 
indicated how the upper bound in our theorem can be substantially improved 
upon by applying work of his that is currently in preparation. The authors are 
grateful to him for this observation, and a number of useful comments that he 
made about an earlier version of this paper. 
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2 Proof of the theorem 

Let X C} d C P 5 denote the threefold defined by the pair of equations (1.1), for 
positive integers c < d such that d ^ 4. Our first task is to consider the possible 
planes contained in X C: d, for which it will clearly suffice to consider the planes 
contained in Fd, where Fk C P 5 denotes the non-singular Fermat hypersurfacc 

xl+x\+x%+xl+x k A +xl = ti, (2.1) 

for any k G N. Now there are certain obvious planes contained in Fk, which 
we refer to as "standard" . These planes are obtained by first partitioning the 
indices {0, . . . , 5} into three distinct pairs. For each such pair {i,j}, one then 
associates a vector Xjj = (x i} Xj) G (Q \ {0}) 2 such that 

x\ + x) = 0. 

Then if Jo, Ji, Ji are the sets of indices so formed, and [xj , xj 1 , x,/ 2 ] G P 5 
denotes the corresponding point in Fk, we thereby obtain the plane 

{[A xj ,AiXj 1 ,A 2 xj 2 ] : [A ,Ai,A 2 ] G P 2 } C F k . 

It is not hard to see that this procedure produces exactly 15fc 3 standard planes 
contained in Fk- The following result shows that these are the only planes 
contained in Fk, if k is at least 4. 

Lemma 1. Let fc ^ 4. Then any plane contained in Fk is standard. 

It ought to be remarked that for k > 5 the classification of planes in Fk is 
a straightforward consequence of the well-known classification of lines in Fk, as 
discussed by Debarre [2, §2.5], for example. Thus the chief novelty of Lemma 1 
is that we are also able to handle the case k = 4. Lemma 1 will be established 
in the next section. An important consequence of this result is that any plane 
in the threefold X c ^ must correspond to a standard plane in Fd, since we have 
assumed that d ^ 4. Among the planes contained in X c ^ are the six "trivial" 
planes 

Xq — Xi , X\ — Xj , X2 — Xk , 

where {i, j, k} is a permutation of the set {3, 4, 5}. 

We are now ready to complete the proof of the theorem. In estimating 
M Cy d(B), it is clearly enough to count primitive vectors x = (xq, . . . , x§ ) G N , 
where x is said to be "primitive" if h.c.f.(xo, . . . ,x 5 ) = 1. In general, if we know 
that there are 0(B S ) primitive vectors that make a contribution to M c a{B), for 
some constant 8 > 1, then there will be 

< (B/m) S < B 5 
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vectors in total. For any rational point x — [x] e P 5 (Q) such that x 6 Z 6 is 
primitive, we shall write 

H(x) = max la^l 

0^5 

for its height. For any B ^ 1 and any Zariski open subset U C X c ^ we shall set 

Nu(B) = e £7 n P 5 (Q) : H(x) sC B}. 

A little thought reveals that the trivial planes are the only planes contained 
in X Ct d that can possibly contain rational points [xq, . . . , x§] £ P 5 (Q) in which 
xq, . . . , x§ share the same sign. Since we are only interested in counting non- 
trivial solutions to the pair of equations (1.1), it will therefore suffice to estimate 
Nu(B) in the case that U C X c ^ is the Zariski open subset formed by deleting 
all of the planes from X c ^. 

It is now time to record the result that forms the backbone of our estimate 
for Nu(B). The following upper bound is due to Salberger [9, Remark 8.6]. 

Lemma 2. Let e > 0, and suppose that Z C P 5 is a geometrically integral 
threefold defined over Q, of degree D. Let Y be the complement of the union of 
all planes contained in Z. Then we have 

#{i£Fn P 5 (Q) : H{x) B) < Ae B^ +e + Bi+^ +E . 

The proof of Lemma 2 follows from applying a birational projection argu- 
ment to a corresponding bound for threefolds in P 4 . This latter result is provided 
by combining work of the authors' [1, Theorem 3] with the proof of Salberger's 
earlier estimate [8, Theorem 3.4] for hypersurfaces in P 4 . 

Before applying Lemma 2 to our situation it is clear that we shall need to 
say something about the integrality and degree of the threefold X Ct d, as given 
by (1.1). In fact we shall show in Lemma 3, in the next section, that X c ^ is 
geometrically integral and has degree cd. Subject to the verification of these 
facts below, we may therefore conclude from Lemma 2 that 

%(5)«*^ +£ lB^ + s +£ , 

for any e > 0. This completes the proof of the theorem. 

3 Geometry of Fermat varieties 

Throughout this section let c, d be positive integers such that c < d, and let 
X c a C P 5 denote the threefold (1.1). Our goal is to study the geometry of X c ,d, 
with a view to establishing the facts that were employed in the previous section. 

Let us begin by considering the singular locus of X c ^- Now if £ = [£o, ■ ■ • , £5] 
is a singular point of X c ^ with at least two non-zero coordinates then 
it follows from the Jacobian criterion that 1 = S^f^ 1 ^^ 1 , for some 

S e {— 1,+1}. Hence the 2{d — c)-th powers of any two non-zero coordinates 
of £ must coincide, and so we may conclude that the singular locus of X c ,d is 
finite. We are now ready to establish the following result. 

Lemma 3. X c ,d is a geometrically integral variety of degree cd. 
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The first part of Lemma 3 may be compared with work of Kontogeorgis [7, 
Theorem 1.2], who has established that the variety X)"=o a 'i = S"=o x t = i s 
geometrically reduced and irreducible if n ^ 5. 

In order to prove Lemma 3, we define 

Gk '• X l X 2 ^3 x 4 X 5 = 

in analogy to (2.1). Then Gk is a non-singular hypersurface of dimension 4, and 
it is clear that X c _d = G c Pi Gd is a complete intersection in P 5 . Hence it follows 
from [6, Proposition II.8.23] that X c ^ is Cohen-Macaulay as a subscheme of Gd- 
Since the singular locus of X c> d is finite, and so has codimension ^ 2 in X c ,d, 
we may therefore apply [3, Theorem 18.15] to deduce that X Ct d is geometrically 
reduced and irreducible. Turning to the degree of X c ,d, it is not hard to check 
that G c and Gd intersect transversely at a generic point of X Ct d, again using 
the fact that X c> d has finite singular locus. But then an application of Bezout's 
theorem, in the form [5, Theorem 18.3], immediately reveals that 

AegX c .d = degG c .degG d = cd. 

This completes the proof of Lemma 3. 

Our final task in this section is to establish Lemma 1. Let k ^ 4, and suppose 
that we are given a plane II contained in Fk, as given by (2.1). Then II must be 
generated by three non-collinear points eo, ei, e 2 £ Fk. We may assume after a 
linear change of variables that 

e = [1,0,0, e ], ei = [0, 1,0, ei], e 2 = [0, 0, 1, e 2 ], 

3 

for certain e 4 = (e, ; 3, e^, e,^) e Q . But then there exist linear forms of the 
shape 

L = Mo, Li = mi, L 2 =u 2l Li = ciiU + biiix + CiU 2 , 
for i = 3, 4, 5, that are defined over Q and satisfy 

L a (u) k + L^uf + L 2 (u) k + L 3 (u) fe + L 4 (u) k + L 5 (u) k = 0, (3.1) 

identically in u = (u ,ui,u 2 ). In particular we may henceforth assume that 
none of the forms L 3 ,L^,L^ are identically zero, since it is well-known that a 
non-singular hypersurface of dimension 3 contains no planes. We proceed to 
differentiate the identity (3.1) with respect to u , giving 

4- 1 + a 3 L 3 {u) k - 1 + aiUiuf- 1 + a^u)^ 1 = 0. (3.2) 

1 

On writing Mi(u) = a^ 1 Li(u) for z = 3,4, 5, we must therefore investigate the 
possibility that 

tig" 1 + M^nf- 1 + M 4 (u) fe - 1 + Mstuf- 1 = 0, (3.3) 

identically in u. Now either there exist A3,A4,A5 G Q, not all zero, such that 
Mi(u) = XiUQ for i = 3,4,5, or we have produced a projective linear space of 
positive dimension that is contained in the surface ?/q _1 +y k ~ 1 +y 2 ~ 1 +2/3 1 = 0- 
Since k ^ 4, the only such spaces contained in this surface are the obvious lines. 
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Thus we may assume, without loss of generality, that in cither case there exist 
constants A3, A4 G Q such that 

M 3 (u) = A 3 u , M 4 (u) = A 4 M 5 (u), 

with 1 + A3' 1 = and (1 + A 4 _1 )M 4 (u) = identically. We claim that the 
only possibility here is that a 4 = 05 = in the definition of M 4 ,M^. To see 
this it clearly suffices to suppose for a contradiction that 0405 7^ 0, since L 4 , L§ 
are non-zero in (3.2). But then, on considering the identity (3.1) satisfied by 
the original forms L , . . . , L 5 e Q[u], we may deduce that there are constants 
a, (3 G Q such that 

au k + u k + u k = (3L 5 (u) k , 

identically in u. This is clearly impossible for fc ^ 4, and so establishes the 
claim. 

In terms of the original linear forms Lq, . . . satisfying (3.1), our consid- 
eration of (3.3) has therefore led to the conclusion 

L 3 (u) = ^ 3 u , a 4 = a 5 = 0, 

for /13, which must clearly be a fc-th root of —1. It remains to consider the 
possibility that there exist & 4 , 65, c 4 , c 5 e Q such that 

u'l + u\ + (b 4 ui + c 4 u 2 ) k + {b 5 m + c 5 u 2 ) k = 0, 

identically in ui,U2- But this corresponds to a line on the Fermat surface of 
degree fc, and so leads to the conclusion that i 4 = /i 4 Li,L 5 = ^Lj for some 
permutation {i,j} of {1, 2}, where ^. 4 , /Z5 are appropriate fc-th roots of —1. This 
completes the proof that any plane n contained in Fk must be standard if fc ^ 4, 
as claimed in Lemma 1. 

Let to ^ 1 and fc ^ 3 be integers. It is interesting to remark that the argu- 
ment just presented can be easily generalised to treat possible m-dimensional 
linear spaces that are contained in the non-singular hypersurface 

Vo + ■ ■ ■ + vL+i = 0, 

in p 2m + 1 . Thus it can be shown that all such linear spaces are the obvious ones, 
and that there are precisely c m fc m+1 of them, where 

c m = (2m + 1) • (2m - 1) • • - 3 • 1. 
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